Recent breakthroughs in the field of single-walled carbon nanotube (SWCNT) growth have been achieved by combining theoretical models with experiments. Theoretical models rely on accurate energies for SWCNTs, obtained via first principle calculations in the form of density functional theory (DFT). Such calculations are accurate, but time and resource intensive which limits the size and number of systems that can be studied. Here, we present a new analytical model consisting of three fundamental energy expressions, parametrized using DFT, for fast and accurate calculation of SWCNT energies at any temperature. Tests against previously published results show our model having excellent accuracy, with an root mean square error in total energies below 2 meV per atom as compared to DFT. We apply the model to study SWCNT growth on Ni catalysts at elevated temperatures by investigating the SWCNT/catalyst interface energy. Results show that the most stable interface shifts towards chiral edges as the temperature increases. The model's ability to perform calculations at any temperature in combination with its speed and flexibility will allow researcher to study more and larger systems, aiding future research into SWCNT growth.
Introduction
Single-walled carbon nanotubes (SWCNTs) are hollow cylindrical tubes with the tube wall made up of a single layer of carbon atoms. Nanotubes have remarkable electrical, optical, thermal and mechanical properties that are dependent on the structure of the tube wall, known as the chirality of the SWCNT [1] . The chirality, and thus the properties of a SWCNT, is set during the creation (growth) of the tube. Today's methods for producing SWCNTs, catalytic chemical vapour deposition (CCVD), give products with a mixture of chiralities and thus a mixture of properties [2, 3] . This is one of the major problems holding back the use of nanotubes in commercial products. But in recent years, a great deal of progress has been made towards explaining the chirality of SWCNTs observed in experimental growth products.
The group of Yakobson related the number of axial screw dislocations (kinks) at the SWCNT-edge to their growth rate [4] and later expanded on this to give a continuum model of SWCNT growth [5] . The works of Hedman et al. [6] link experimentally determined chiralities from CCVD products to the stability of short SWCNTs produced at the early stages of growth. Whereas the diameter range of the produced tubes is controlled by the size of the catalytic particles used during synthesis. This group's Electronic supplementary material The online version of this article (https ://doi.org/10.1007/s4245 2-020-2139-z) contains supplementary material, which is available to authorized users. recent paper relates the stability of SWCNTs to their length and shows a switch in the most stable chirality occurring (from armchair to zigzag) depending on the length of the SWCNT [7] . Recently, Magnin et al. [8] developed a thermodynamic model based on the configurational entropy of SWCNT-edges (the difference within the same chirality) to predict chiral distributions from CCVD experiments.
What these models have in common is that they rely on having accurate energies for SWCNTs and their terminations (hydrogen, catalyst metal, SWCNT-cap, etc.) to explain the chiral distributions found in experiments. These energies are usually calculated using density functional theory (DFT), which gives very accurate energies. However, calculations using DFT require access to large amount of computer resources and time. If a simple analytical model for calculating total energies of terminated SWCNTs was available, that eliminates the use of explicit DFT calculations. It would allow expansion of these models to include larger diameter tubes, longer tubes and larger span of chiralities. The inclusion of an entropy term would also allow for studies at elevated temperatures. Here, we present such a model.
Our analytical model, parametrized against DFT data, shows excellent agreement with DFT computed energies with a root mean square error (RMSE) in total energies below 2 meV/atom. Applying the model to study catalytic growth of SWCNTs, we find that the most stable interface shifts towards chiral tubes as the growth temperature increases, from armchair towards zigzag for H-terminated tubes, and from zigzag towards armchair for SWCNTs grown on Ni catalysts.
Methodology
One can think of the total energy for a SWCNT as consisting of three fundamental energies E w , E i and E t . E w is the energy per carbon atom of the tube wall. E i is the interface energy per bond (between the tube edge and the termination). This energy can be thought of as the relative binding energy between the carbon-carbon bonds and the carbon-termination bonds. Final, E t is the energy per atom of the SWCNT termination. These energies are multiplied by the number of atoms ( N w , N t ) or bonds ( N i ) of each type and added to give the total energy of a SWCNT as For finite SWCNTs, it is convenient to describe their length in number of layers, S, as described previously [7] . Using this definition, each layer, S, will contain 2(n + m) carbon atoms, where n and m are the chiral indices of the SWCNT. One can calculate the real length, L, (in units of Å) of any
finite SWCNT with a length of S number of layers. Using the following equation (for derivation see the supplementary material), Here, l cc is the average carbon-carbon bond length of SWCNTs (1.44 Å) and d is the greatest common divisor of the chiral indices d = gcd(n, m).
A finite SWCNT of chirality (n, m) and length S has N w = 2(n + m) ⋅ S number of wall atoms and N i = 2(n + m) edge bonds. If all the layers are full and the number of atoms in the termination equals the number edge bonds, e.g. N t = N i , then Eq. (1) can be written as It has been shown [9] that the energy per carbon atom of the tube wall can be described by the energy per atom of a flat graphene sheet, modified by a curvature term, 1 R , as shown below Where w is the energy per atom of a graphene sheet and is the energy penalty term due to the curvature of the tube.
The edge of a SWCNT with chirality (n, m) consists of 2m carbon atoms with armchair configuration and n − m atoms with zigzag configuration. One can, by using an expression similar to the one used to describe edge energies of graphene [10] , write an expression for the interface energy per bond, E i , of a SWCNT with any chirality. As a combination of the armchair, E ac i , and zigzag, E zz i interface energies. This expression includes an armchair/zigzag mixing term, E , similar to [10] that describes the junction between edge atoms of armchair and zigzag configuration. The group of Bichara introduced a term for the configurational entropy of the SWCNT-edge [8] . Adding this term, E TS , allows for the inclusion of temperature effects on the interface energy. Of course for direct comparison with DFT energies, this term should be set to zero. Using these terms, we arrive at an expression for the interface energy of any SWCNT with chirality (n, m) as Similarly to the energy per carbon atom in the tube wall, E w , the interface energies ( E ac i and E zz i ) will depend on the curvature of the SWCNT. However, unlike E w they are also dependent on the length of the tube. Since the finite length of the SWCNT leads to quantum confinement
effects like to those observed for graphene nanoribbons (GNRs) [11, 12] . Due to these finite size effects, we use an expression similar to Eq. (4) but with an added length dependency term 1 S in order to describe the interface energies Here, ac , zz are energy penalty terms due to confinement effects arising from the finite length of the SWCNT. These are found to vary slightly depending on the curvature of the SWCNT as e ac∨zz R ac∨zz were ac , zz are scaling parameters. The curvature dependency for the interface energy is described by the parameters ac , zz . Finally, ac i and zz i are interface energies for graphene nanoribbons with armchair or zigzag edges. These energies can be calculated from DFT total energies using the following equation, derived from Eq. (1) Where ac∨zz DFT is the DFT calculated total energy of a GNR with armchair or zigzag edges. w is the energy per atom of graphene [same as in Eq. (4)] and E t is the energy per atom for the termination of the GNR. It is obvious from Eq. (8) that the interface energy will depend on the termination of the GNR.
The well-known expression for the diameter of a SWCNT [13, 14] can be used in Eq. (4) to calculate the curvature For Eqs. (6) and (7), this expression can be modified to give the radius of armchair or zigzag tubes for any given nanotube series (n + m)
The armchair/zigzag mixing term, E , in Eq. (5) consists of a combination of the number of armchair and zigzag atoms, 2m and n − m , respectively. Multiplied by the ratio of armchair pairs m/n and scaled with the total number of edge atoms (n + m) to give
.
Where is the mixing energy parameter derived from DFT calculation on GNRs with different chiralities, see supplementary material for details ( Fig. S3 ). Finally, the energy corresponding to the configurational entropy of the SWCNT-edge at temperature T is given by [8] With a slight modification since the original expression is given for the whole edge rather then per edge atom.
Here, k B is the Boltzmann constant and T the temperature in Kelvin.
Model parameters
The analytical model, as described above, contains 12 parameters. Out of these twelve, eleven are obtained from fitting against DFT data and one, E t = −3.386 eV is derived directly from DFT calculations on a single H 2 molecule. Note that this value of E t is only relevant for hydrogen terminated nanotubes. Parameter fitting was done using the matlab R2017a curve fitting toolbox with the Levenberg-Marquardt algorithm [15, 16] . The DFT datasets used for fitting consist of previously published calculations [7] together with a few additional calculations. These calculations were performed using VASP [17] [18] [19] [20] version 5.3.5 with the Perdew-Burke-Ernzerhof (PBE) exchangecorrelation functional. The VASP settings were the same as for the rest of the DFT datasets, for details see the supplementary material. All DFT datasets used for fitting are available through the NOMAD repository [21] [22] [23] [24] . The resulting value for each parameter, obtained via fitting, is listed in Table 1 . For details on the fitting process, see supplementary material Figs. S1, S2 and S3.
Results and discussion
The final expression for the total energy of H-terminated SWCNTs Eqs. (3)-(7), (9)-(12) with T = 0 K and the parameter values from Table 1 is tested against previously published DFT calculations [6] . As seen in Fig. 1 , the model agrees well with DFT calculated energies. The RMSE in the interface energy is ∼ 11 meV per bond, the RMSE for the energy of the atoms in the tube wall is ∼ 1.9 meV per atom, and for the total energy the RMSE is ∼ 1.6 meV per atom. The error in the interface energy, i , is expected to be large since it accumulates the errors ( w , t ) of E w and
. (2020) 2:367 | https://doi.org/10.1007/s42452-020-2139-z E t as follows, i ∝ w ⋅ S + t (see supplementary material). Assuming that w ⋅ S ≫ t , then a calculation using the RMSE for the tube wall energy gives i ≈ 1.9 ⋅ 6 = 11.4 meV per bond which is in good agreement with Fig. 1a . The data for which the model was verified against [6] were not used for fitting of any parameters ( ac , zz , ac , zz , , ac , zz , w , ac i , zz i , or E t ). Hence, the agreement of the model with DFT calculations is impressive.
One can use the total energy model presented here to calculate energies for any H-terminated SWCNTs using four variables the chiral indices n, m, the length S and the temperature T. To further verify the model, we first calculate total energies for all tube chiralities in the 10-series around the switching length ( S = 3-13 layers) with DFT and our analytical model (at T = 0 K), to create 2D heat map of SWCNT stabilities, see Fig. 2 . Here, we use the chiral angle, = arctan
, defined by a given n and m. From this figure, it is clear that the analytical model agrees well with the results obtained from DFT. From the stability heat map in Fig. 2b , one can see that for short tube lengths the armchair chirality ( = 30 • ) is the most stable. As the length of the SWCNT increases, the most stable chirality switches from armchair to zigzag ( = 0 • ). The switching length ( S * ) can be determined from Fig. 2b to be 5.5 layers in accordance with previously published results [7] . This switch in stability can be explained by competing interface and tube wall energies. Equation 3 shows that the total energy of a SWCNT at short lengths is dominated by the interface and termination energies. As seen in Fig. S2 , the armchair interface energy is lower than the zigzag interface energy, in agreement with previous SN Applied Sciences (2020) 2:367 | https://doi.org/10.1007/s42452-020-2139-z Short Communication studies [25] [26] [27] . Thus, for short armchair and zigzag tubes with the same termination the armchair tube has a lower energy. As the length of the tube increases, the energy of the atoms in the tube wall becomes dominant and since the zigzag tube has a lower curvature (lower tube wall energy), there will be a switch in the most stable chirality as the length of the SWCNT increases. To calculate all the tubes in the 10-series (6 unique chiralities) for 11 different lengths containing between 80 and 280 atoms with DFT can be done if needed. But we show that our analytical model can be used to calculate similar issues for any, or all SWCNT series. Since the model is analytical, it does not limit the size of SWCNTs that can be calculated. Thus, as an example we calculate the switching length of very large tubes containing up to 9000 atoms. As seen in Table 2 , the switching length increases rapidly as the SWCNT series increases (the diameter of the tubes increases). The long switching lengths ( > 4 nm ) for large SWCNT series make reconfiguration from armchair to zigzag during growth unlikely for large diameter SWCNTs. However, due to the short switching length of small SWCNT series it might be possible to stimulate a transition from armchair to zigzag during the early stages of growth [28] .
Temperature effects on catalytic growth of SWCNTs
The configurational entropy term, E TS , allows us to study temperature effects on the interface energy by using Eq. (1) . Setting N w = N t = 0 , N i = (n + m) together with Eqs. (5), (12) , (13) , we obtain where E ac i and E zz i are given by Eqs. (6), (7) , respectively. This expression will give the interface energy for a SWCNT-edge as a function of n, m, S and T. Figure 3a shows the chiral angle for the lowest interface energy at temperature T and SWCNT series (n + m) of a H-terminated edge obtained by minimizing Eq. (14) with respect to n and m using S = 4 , ac i = 0.074 eV and zz i = 0.22 eV. The figure shows that at low temperatures the interface energy for a H-terminated edge is the lowest for armchair and near armchair chiralities as expected from DFT calculations. When the temperature increases, the configurational entropy has a larger and larger effect on the interface energy causing it to decrease for chiral tubes. As seen in Fig. 3a , this causes the chirality of the most stable interface energy to shift towards lower chiral angles. Using the 16-series as an example, we see that the most stable chirality, (8, 8) at 0 K, changes to (9, 7) above 161 K and to (10, 6) above 1515 K. The H-terminated SWCNT-edge strongly favourers armchair chirality over zigzag due to the large difference in the two interface energies ac i = 0.074 eV and zz i = 0.22 eV. This is an interesting result on its own; however, it is hard to compare (14) H-termination to actual metal nanoparticles used as catalysts for SWCNT growth.
To study the temperature effects on catalytic growth of SWCNTs, we use Eq. (14) together with armchair and zigzag interface energies for a Ni catalyst. These have been calculated to be ac i = 0.321 eV and zz i = 0.234 eV for a 55 metal Ni catalyst [29] . Minimizing Eq. (14) with respect to n and m using these interface energies and S = 4 gives the chiral angle for the lowest interface energy at temperature T and series (n + m) . As seen in Fig. 3b , the chirality for the most stable interface energy is largely unaffected by temperature for small SWCNT series 8 ≤ n + m ≤ 12 . But for larger series there is a shift in the most stable chirality from zigzag towards armchair (chiral tubes) as the temperatures increases. An example would be for the 16-series where the most stable chirality, (16, 0) at 0 K, changes to (15, 1) above 576 K, to (14, 2) above 604 K, (13, 3) above 692 K and to (12, 4) above 1303 K. Also interesting is to look at the 13-series for which the most stable chirality at 873.15 K ( 600 • C ) is (10, 3) . This chirality is very close to the experimental results by Chiang et al. [30] who obtained mostly (9, 4) tubes from SWCNT growth on floating Ni catalysts using C 2 H 2 at 600 • C . Interestingly enough, the configuration entropy term must be included to reproduce the experimental results. Because DFT calculations exclusively predict zigzag tubes to have the most stable interface with Ni catalysts [2, 29, 31] . Since DFT calculations are at zero Kelvin, this means that a possible reason why theory (usually favouring the zigzag interface) and experiments (usually resulting in mostly armchair and near armchair SWCNT [6] ) give different pictures may be the effect of temperature. But SWCNT growth is such a complicated process that it is likely that several effects combine to explain this difference between theory and experiment.
Conclusions
We present an analytical model, parametrized using DFT data, for calculating total energies of SWCNTs with any chirality (n, m), length S and at any temperature T. The model shows excellent agreement at T = 0 K with DFT calculations (RMSE < 2 meV/atom) and can be expanded on to include SWCNTs with other terminations such as catalytic metals, SWCNT-caps. This is possible by calculating ac e , zz e , E t using DFT and if necessary fit , ac , zz and to a few GNR and SWCNT structures, with the desired terminations. Since the model is analytical, it allows for nearly instantaneous calculations of SWCNT energies as compared to the self-consistent approach of DFT. Allowing for the study of large SWCNTs with a wide range of chiralities, lengths and terminations.
The inclusion of the configurational entropy term enables calculation of SWCNT energies at elevated temperatures. This can be used to study the effects of temperature on the interface energy, which allows for prediction of SWCNT chiralities at experimental growth conditions. Our results show that as the temperature increases the most stable interface energy shifts towards chiral tubes, from armchair towards zigzag for H-terminated tubes and from zigzag towards armchair for SWCNTs grown on Ni catalysts. Interestingly, DFT calculations show a thermodynamic preference towards zigzag chirality for tubes grown on Ni catalysts. But the inclusion of the configuration entropy term in our model shifts the thermodynamic preference towards near zigzag tubes in agreement with experiments.
The fast calculation of total energies at elevated temperatures will allow for wider searches of possible terminations (catalytic metals) that might be used for chiralityspecific growth of SWCNTs in addition to the prediction of chiral distributions in SWCNT growth experiments. Thus, this new model is a useful tool for future research into SWCNT growth.
